The dynamics of repulsive bosons condensed in an optical lattice is effectively described by the Bose-Hubbard model. The classical limit of this model, reproduces the dynamics of Bose-Einstein condensates, in a periodic potential, and in the superfluid regime. Such dynamics is governed by a discrete nonlinear Schrödinger equation. Several papers, addressing the study of the discrete nonlinear Schrödinger dynamics, have predicted the spontaneous generation of (classical) breathers in coupled condensates. In the present contribute, we shall focus on localized solutions (quantum breathers) of the full Bose-Hubbard model. We will show that solutions exponentially localized in space and periodic in time exist also in absence of randomness. Thus, this kind of states, reproduce a novel quantum localization phenomenon due to the interplay between bounded energy spectrum and non-linearity.
Introduction
Localization of atoms in optical lattices is among the macroscopic quantum-effects that have been theoretically studied and experimentally observed in Bose-Einstein condensates (BECs). Localized states of BECs along an optical lattice are the consequence of the nonlinear character of the classical equations of motion of these systems. These kinds of solutions have been predicted on the bases of the analogy between the Gross-Pitaevskii equation, that describe the superfluid (classical) dynamics of BECs, and the nonlinear Schrödinger equation used in nonlinear optics [1] [2] [3] [4] [5] [6] [7] [8] . In continuous-space models the localized solution have the form of gap solitons and matter-wave solitons [5] [6] [7] . While in nonlinear classical lattice-Hamiltonians, solutions have the form of discrete breathers. The latter are, in fact, periodic in time, and exponentially localized in space, solutions distinctive of nonlinear discrete systems. The superfluid regime for a system of BECs in an optical lattice is described by a discrete nonlinear Schrödinger equation (DNSE) . In recent papers [23, 24] , by numerically integrating the DNSE, the spontaneous generation of breathers in BECs in optical lattices were predicted. In particular, in [23] a technique to obtain localization of BECs by means of boundary dissipations, that is by removing atoms at the optical lattice ends, was presented.
The present paper focuses on exact (numeric) localized solutions of the full (quantum) Bose-Hubbard model (BHM). We show that the solutions are energy-eigenstates and are exponentially localized in space and periodic in time. Furthermore, we proceed by a dynamic variational method in order to determine an analytic approximation to the maximally excited state. We compare the results derived with those obtained by exact diagonalization. In order to derive such analytic approximation, we follow the route adopted in previous papers [25, 26] 
Bose-Einstein condensates in an optical lattice
The second-quantized Hamiltonian
describes the quantum dynamics of an ultracold dilute gas of bosonic atoms. Here V is the external trapping potential and the boson-field operatorsψ(r) (ψ + (r)) annihilate (create) atoms at r = ( ) in a given internal state. The nonlinear self-interaction term depends on the -wave scattering length and on the atomic mass . We consider repulsive atoms, i.e.
> 0. In the case of a one-dimensional optical lattices, the external trapping potential reads
where L is the laser mode which traps the atoms and
is the recoil energy. In the -direction one has an optical lattice structure of length L, while the trapping frequency Ω is assumed to be strong enough to confine the atomic condensate in the and directions by harmonic wells. Thus, the physics is effectively one-dimensional.
In the presence of a periodic external potential, we can derive from (1) an effective quantum (Bose-Hubbard) Hamiltonian that describes, within the second quantization formalism, the boson dynamics along the optical lattice. In order to derive this effective dynamics we follow Ref. [14] . Since the one-dimensional potential V is periodic, the "single atom" eigenstates of Hamiltonian in Eq. (1) 4E of the order of a few (∼ 5) recoil energies E , the energy separation between the two lowest bands is much larger than their spread (see [13] ). In Ref. [13] it is also shown that, for moderate optical potential depths, a good approximation for the lowest energy gap is given by ω, where ω is the longitudinal oscillation frequency of a particle trapped in the harmonic approximation of the potential V close to a minimum. As done in [14] , let us assume that only the fundamental energy band is involved into the dynamics and we describe the system using Wannier functions. Kohn, in [15] , has shown that, by properly choosing the branch points of the Bloch's functions, for each band there exists one and only one Wannier function that is real and decays exponentially with the distance. The lowest-band Wannier functions (r) defined by Kohn in Ref. [15] , are localized at the minima ( 0 0) of the optical potential, where
and result to be
where W is a normalization constant. We express the field operators as (see [14] )
where the boson operatorˆ (ˆ + ) destroys (creates) an atom at the lattice site .
By substituting Eq. (2) into Eq. (1) we obtain
is the strength of the on-site interaction and 
Classical dynamics in the SU(M) coherent states picture
Originally introduced in order to describe the superfluid/Mott-insulator transition in lattice systems [12] , the Bose-Hubbard model is nowadays used to describe the dynamics of systems of cold bosonic-atoms on an optical lattice [13] . In Ref. [14] it has been predicted, and then experimentally verified in [16] , that the dynamics of an ultracold dilute gas of bosonic atoms in an optical-lattice/periodic-potential is well described by the Bose-Hubbard model. Hamiltonian in Eq. (3) commutes withN = ˆ and can be expressed in terms of the set of operatorsÊ =ˆ † ˆ which, in turn, give a dimension-independent realization of the SU(M) algebra. Thus, one can choose an irreducible unitary representation of the SU(M) (Lie-)algebra with the same dimension of the space spanned by the system's states:
This fact suggest to describe the system dynamics in terms of SU(M) generalized coherent states. Of course, being H a quadratic form of operatorsÊ , this description is exact only in the superfluid (Λ → 0) limit where the linear dependence is recovered. Nevertheless, a description in terms of coherent states, permites a drastic reduction of degrees of freedom and analytic or numeric computations are allowed. Let us underline that, accordingly to the fact that Hamiltonian (3) conserves the total number of atoms, such coherent states are eigenvectors ofN. A detailed derivation of the SU(M) coherent states can be found in Refs. [17] [18] [19] . We will just summarize a few facts about them. They are defined as
where M and N are the numbers of lattice sites and atoms respectively. The complex coherent state variables ∈ C, for = 1 M, are constrained on the unit-sphere, i.e. 
and will be used below to derive a semiclassical description for the dynamics of the system. The classical equations of motion involve the order parameters , which are just complex numbers. They will be derived by a time dependent variational principle (TDVP) [20, 20, 21] . By solving such equations, we will obtain ( ) for = 1 M, and from these, the state of the quantum system via Eq. (4). The TDVP procedure [20, 20, 21 ] is based on a suitable choice of the quantum trial state for the system. Thus we can make the ansatz
where |x(t) is a time-dependent SU(M) coherent state, whereas exp S( ) is a phase factor. In the following we derive a closed set of dynamical equations for the variables ( ) and the expression for S( ).
In particular, we will show that S( ) is an effective semiclassical action. In Eq. (6), and hereafter, we drop the explicit dependence on N in the coherent states of Eq. (4). The TDVP method amounts to constraining the time evolution of |Φ( ) by using, instead of the full, just the weaker form of the Schrödinger equation Φ|( ∂ − H)|Φ = 0 (note the explicit dependence on time has been dropped). Using Eq. (6) 
whereas the corresponding equations of motion are
We have introduced the parameters Λ = 2U T , = ξ , and time has been rescaled via τ = T so that τ is a dimensionless quantity. Finally, let us also emphasize that Eq. (8) is a discrete version of the Gross-Pitaevskii equation [2] .
Classical and quantum breathers
A technique to obtain localization of BECs in optical lattices via boundary dissipations was introduced in [23] . In [23, 24] , we have numerically integrated the set of equations Eqs. (8) with boundary dissipation terms. Fig. 1 shows two typical evolutions of the atomic density along the optical lattice with losses at the ends of the trapping potential. In Fig. 1a two static breathers have been excited via progressive losses of atoms at the boundaries, whereas in Fig. 1b the atomic losses have generated a single localized state. 
into Eqs. (8) we geṫ
where we have assumed = 0, ∆φ := φ +1 −φ , and µ is a Lagrange multiplier introduced for taking into account the conserved quantity = N. The solution for a static breather requires˙ = 0, which corresponds to the π-state configuration
Thus, the second of Eqs. (10) becomeṡ
By settingφ = ω = (µ − χ) in the latter equation, we get the algebraic set of equations
where the solutions have to be worked out in a selfconsistent way together with χ which is fixed by the contrain = N. We have solved numerically Eqs. (13) by Newton's method, for Λ = 1 10 100, N = 7 and M = 9. The atomic density distributions of the classical breathers obtained in this way, have been compared with the analogous quantity derived by the quantum breathers of the Bose-Hubbard Hamiltonian.
In analogy with the classical case, a static quantum breather, is characterized by a single frequency, namely it is an Hamiltonian's eigenstate. For this reason, the full quantum spectrum of Bose-Hubbard Hamiltonian has been numerically calculated for several of the Λ values, by a full diagonalization method. We have found that in a wide range of values of Λ, there exist eigenstates which are exponentially localized along the lattice. For any given value of Λ, the quantum-breather state corresponds to the highest energy eigenstate. Furthermore, we have found that the higher energy levels have the structure shown in the inset of Fig. 2 , with the highest level separated by a multiplet of levels, nearly degenerate. It is worth emphasizing that the energy difference between the highest level and the near multiplet, goes to zero very fast when increasing the relevant physical parameter ΛN. Already for ΛN 10 4 this energy difference is no more appreciable. Whereas we have been able to observe localized quantum states, for values of ΛN in the interval [1 10 3 ]. The energy gap between the highest level and the multiplet of levels also depends on M. And by increasing the lattice size this difference rapidly decreases. In other words, our results can be observed in systems with sizes small enough that the translation symmetry breaking produces tangible consequences. When the latter symmetry is restored, quantum states with localization around whatever lattice site are, of course, equivalent, and the maximum energy eigenstate is a superposition of these states. In this case no localization can be seen. The atomic density distribution of the quantum breathers has been calculated for several values of Λ. We have compared these distributions to the ones of the classical breathers obtained by numerically solving Eqs. (13) with the same values of Λ. A good agreement between these quantities is evident in Fig. 3 ; which summarizes the results obtained for Λ = 1 10 100, N = 7 and M = 9. 
Concluding remarks
In the last few years, Bose-Einstein condensates have become one of the most versatile test-beds for unexpected behavior of quantum physics. A variety of macroscopic quantum effects have been theoretically investigated and experimentally observed in BECs. Breather states in DNSE have been studied for the last few decades. Since the equations of motion that describe the dynamics of BECs in optical lattices, in the superfluid limit, belong to the class of DNSEs, one also expects, to observe breathers in such systems.
In the present paper we have focused our attention on the Bose-Hubbard model which describes the quantum dynamics of BECs in optical lattices. We have given an effective description of its dynamics by describing the system states in term of SU(M) coherent states. Although the system's equations of motion are reformulated as classical Hamiltonian equations, they describe quantum dynamics of the system pretty well. Moreover, we have numerically diagonalized the full Bose-Hubbard Hamiltonian and we have shown that the breathers can also be observed in the quantum regime.
